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Abstract: We consider axially symmetric static metrics in arbitrary dimension, 
both with and without a cosmological constant. The most obvious such solutions 
have an SO(n) group of Killing vectors representing the axial symmetry, although one 
can also consider abelian groups which represent a flat 'internal space'. We relate such 
metrics to lower dimensional dilatonic cosmological metrics with a Liouville potential. 
We also develop a duality relation between vacuum solutions with internal curvature 
and those with zero internal curvature but a cosmological constant. This duality 
relation gives a solution generating technique permitting the mapping of different 
spacetimes. We give a large class of solutions to the vacuum or cosmological constant 
spacetimes. We comment on the extension of the C-metric to higher dimensions and 
provide a novel solution for a braneworld black hole. 
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1. Overview 

Most systems of physical interest in nature exhibit a certain amount of symmetry: a 
star is roughly spherically symmetric, a galaxy roughly axisymmetric, our universe 
has roughly constant spatial curvature. These three examples share the feature that 
the dominant interaction governing their large scale structure is gravity. Einstein's 
theory of general relativity in principle describes a highly nonlinear interaction, yet, 
if one applies a few physically motivated coordinate choices reflecting the symmetry 
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of the system, the gravitational equations become easier, and sometimes straightfor- 
ward, to solve. Indeed, in four dimensions we have a huge range of known solutions 
covering a wide selection of physically relevant situations Jl|]. 

Four dimensions are of course very special for gravity. It is the smallest spacetime 
dimension in which general relativity becomes nontrivial, in the sense that gravity 
can propagate through spacetime and objects interact with one another - it is when 
the nonlinearities of gravity truly start to show up. Yet four dimensions are also 
a suitably low enough number that we have a pretty good handle on gravitational 
interactions, and can in fact construct an encyclopaedia [0] of exact solutions rich 
enough that we can find metrics for all but the most complicated physical systems. 

It seems however that string theory is compelling us to have more than four - in 
fact eleven - dimensions. While the true nature of this eleven dimensional M-theory 
has yet to be elucidated, there is likely to be some energy range in which physics is 
described well by a classical (super)gravity field theory in more than four dimensions. 
As a result, an increasingly important role has emerged for the study of supergravity 
solutions in 10 and 11 dimensions. Indeed, the celebrated adS/CFT correspondence 
H arises from consideration of the consistency of stringy versus supergravity pictures 
of a D-brane. 

Furthermore in the last few years, and largely motivated by string theory, there 
has been a huge interest in toy models where our universe is a submanifold, or 
braneworld, embedded in a higher dimensional spacetime || [4], |6|]. Many inter- 
esting scenarios and ideas have been put forward such as the one by Randall and 
Sundrum 0, where the "extra" fifth dimension, can be infinite provided that the 
bulk spacetime is negatively curved. Of course, given that these models allegedly 
describe our universe, it is crucial to study their cosmology, as well as other strongly 
gravitating phenomena such as black holes. Brane cosmology of codimension one 
(i.e., where there is only one extra dimension) is well understood 0, || §, and cos- 
mological perturbations of such models have been studied [|TIJ, although there still 
remain many important unanswered questions. 

On the other hand, progress in finding the five dimensional solution to a black 
hole which is localised on the four dimensional brane-Universe has proved much 
more elusive. While one can describe a black hole on the brane by simply extending 
the Schwarzschild solution into the bulk (jnj, this solution is singular at the adS 
horizon, and in addition is unstable [|T^]. Clearly the physically correct solution 
will be localized in the bulk, and should correspond to a correction or extension of 
a Schwarzschild black hole in a four dimensional Universe much like the standard 
FLRW equation of cosmology is extended in the cosmological version of the RS model 
[0]. Progress in this direction has been realised numerically ||13|| , but it would clearly 
be preferable to have an analytic solution to the problem if at all possible. 

An interesting indirect investigation by Emparan, Horowitz and Myers |0| gave 
a lower dimensional solution to the problem, namely a three-dimensional black hole 
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in a three-dimensional braneworld living in four-dimensional adS spacetime. They 
realised that the bulk metric should describe an accelerating black hole, the C-metric 
[TjJ (for a full reference list see |J-for the adS case more recently see Jl7|]). To realise 



why this is so, one must remember that a domain wall, [JI8| , generically has a Rindler 
horizon i.e., it has an accelerating trajectory in an otherwise constant curvature 
spacetime. Any black hole residing on the wall (or braneworld universe) must also 
accelerate by the same amount to "keep up" with the wall's motion. Unfortunately, 
to date it has been impossible to find the generalisation of the C-metric in higher 
than four dimensions. Recently Emparan, Fabbri and Kaloper |1| (see also put 
forward a conjecture relating the above problem to the adS/CFT correspondence. 
A classical bulk solution describing a black hole localised on the brane corresponds 
to a quantum-corrected black hole for the four-dimensional observer living on the 
boundary-brane. If this conjecture is true it is not at all surprising that we have 
difficulty in finding the extension of the C-metric. 

The C-metric in four dimensions belongs to the so called Weyl class of metrics: 
static and axisymmetric solutions of Einstein's equations. General Relativity in more 
than four dimensions is rather more rich and complicated. Weyl metrics, which 
we shall be discussing here, correspond to an integrable system in four dimensions 
but not in higher dimensions. Furthermore, in four dimensions event horizons are 
topologically spherical, but in higher dimensions we can have solutions with not only 
spherical (for early work in the context of string theory see |2T|), but also hyper- 
cylindrical (for the canonical string theoretic p-brane solutions see [P2|), and even 
genuinely toroidal event horizons [B3[ , although it would seem that many of the more 



exotic topologies have instabilities |24j| . However, the story does not stop there, in 
fact, a consideration of the endpoint of these instabilities leads us to suspect that 
there might even be ripply horizons |25| (first pointed out in p6f), as well as the 



more obvious possibility of periodic black hole solutions [13 



While we have an excellent catalogue of solutions in four dimensions, the situ- 
ation in higher dimensions is more patchy. The known solutions are by and large 
mostly one-dimensional, in the sense that the metric depends on only one coordi- 
nate. In the case of the Horowitz-Strominger black branes P2| , or the cosmic p-branes 
[ P7| , (a set of Poincare boost-symmetric solutions corresponding to pure gravitating 
brane-like sources), the solutions depend on a single coordinate transverse to the 
brane. While it is true that most physical systems can indeed be reduced to ef- 
fectively depend on only one variable (such as time in the case of cosmology, or 
'radius' in the case of a static star) in practise, we also want to have a system 
which depends on two variables - such as an axially symmetric mass distribution, 
like a galaxy, an anisotropic cosmology or (more recently) a braneworld metric. The 
known "two-dimensional" solutions tend to have some special symmetry which al- 
lows their integrability, isotropy in the case of cosmological braneworld solutions M, 



or supersymmetry in the case of 'intersecting' brane solutions [BS] - although as 
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these solutions tend to be delocalized they are not as intuitive as might first appear. 
Genuinely two-dimensional solutions, such as would represent a higher dimensional 
galaxy, are much harder to find. First steps in this direction are the work of Em- 
paran and Reall who analyse the case where the Killing vectors representing 
the symmetries of the spacetime commute, and also the work of reference [ 50[| , where 
special classes of dependence were considered. 

In this paper, we are interested in the general axisymmetric metric, which we 
will call a Weyl metric, after the work of Weyl [31] on four dimensional static axisym- 
metric metrics. (Note that by analytic continuation, we could also consider metrics 
depending on time and one of the spatial coordinates, which we will call cosmological 
or Thorne metrics after the work of Thorne [32] on cylindrically symmetric metrics.) 
The fact that the metric depends on two coordinates is not itself a guarantee that 
the spacetime is genuinely two dimensional, as the situation with braneworlds so elo- 
quently illustrates || Rather, it is the fact that the 'transverse' space, or that 
part of the metric which does not depend on the two main coordinates, is split into 
(at least) two separate subspaces spanned by mutually commuting sets of Killing vec- 
tors. Each such subspace introduces an additional degree of freedom into the metric 
- a breathing mode or modulus - and if one of these subspaces does not have zero 
curvature (Emparan and Reall |29| dealt with the zero curvature case) then, roughly 
speaking, this curvature introduces a source term into the equation of motion for 
that particular breathing mode. 

To see why this is problematic, it is useful to think of this multidimensional 
spacetime as an effective two-dimensional field theory, by simply dimensionally re- 
ducing over the nonessential coordinates. In this case, we get a scalar field which 
represents the two dimensional part of the metric, and each breathing mode intro- 
duces an additional scalar into this two-dimensional theory. If all we have are kinetic 
terms, then this is an integrable system, and we can prescript ively solve the general 
metric. If however there is a curvature term present, then this has the effect of in- 
troducing a Liouville potential into the theory, which renders the problem a great 
deal more subtle and complex. 

What we try to do in this paper is to determine to what extent we can give 
a prescription for solving the general axisymmetric problem. We find a transfor- 
mation which reduces the Einstein equations to a relatively simple form and give 
a set of methods for their solution, remarking on the level of completeness of our 
prescription. We describe a duality relation which relates vacuum spacetimes with 
'internal' curvature and cosmological constant spacetimes without this 'internal' cur- 
vature. We present a large range of solutions, some already discovered, and some new 
ones. The layout of the paper is as follows: after first reviewing the four- dimensional 
case for reference, we examine the general axisymmetric metric with curvature, and 
present our reduction of the Einstein equations into two canonical 'dual' forms. In 
the following sections we treat the cases of zero curvature and cosmological constant 
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(the Emparan-Reall case) presenting some extensions of four-dimensional solutions, 
and remarking on the intuition these simpler metrics give. We then discuss vacuum 
spacetimes with internal curvature, and cosmological constant spacetimes without 
internal curvature, finding a new range of solutions. Finally, we apply our results to 
braneworld black holes and the higher dimensional C-metric. We present a linearized 
gravity prescription for general sources, and a new regular exact solution for black 
holes on adS branes. 



2. Four dimensional Weyl metrics: A review 

In four dimensions, time and axisymmetry mean that the metric depends only on 
two remaining coordinates, r and z say, and we can write the metric into the block 
diagonal form 

ds 2 = e 2X dt 2 - e 2{v ~ x \dr 2 + dz 2 ) - a 2 e~ 2X d<p 2 (2.1) 

called the Weyl canonical form. Note that although we have three metric functions, 
the transverse t and <fi spaces are both intrinsically Ricci flat (somewhat trivially), 
which turns out to be crucial in the integrability of the Einstein equations: 

Aa = -ae 2 ^ [T r r + T*] (2.2) 



VA • Va 



AA + — — = \e 2 ^ x) T l t - V r - T z z - T? (2.3) 



Au + (VA) 2 = -e 2( ^ A) T<? (2.4) 

+ 2(«9±A) 2 - 2d±v— = T„ - T zz ± 2iT rz (2.5) 
ft ft 

where is the energy momentum tensor (with the factor 8tcG absorbed), A is the 
two dimensional Laplacian {d 2 + d 2 z = <9 + cL), with d± = d r ^id z the derivatives with 
respect to the complex coordinates £ = (r + iz)/2 and (. 

In the absence of matter or a cosmological constant, these have a very elegant 



solution: one simply fixes the conformal gauge freedom remaining in the metric (|2.1| ) 



by setting a = r, which is consistent with (|2.2j ). This then means (|2.3|) becomes a 



cylindrical Laplace equation for A, with solution 



47T 

for a source with energy density S(r). Note then that the metric component A, is 
nothing but the Newtonian source of axial symmetry. In turn v is determined from 
A via (p.5|). Since the A equation is linear, its solutions can obviously be superposed 
- the nonlinear nature of Einstein gravity showing up in the solution of v. Note 
that as regularity of the r-axis requires z/(0, z) = 0, in general there will be conical 
singularities when regular solutions are superposed. These can be interpreted as 
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strings or struts supporting the static sources in equilibrium. Let us now describe 
briefly some solutions of physical interest which we would like to be able to reproduce 
in more than four dimensions. 



2.1 Black hole spacetimes 

Physical solutions of particular interest are of course black hole and multi-black hole 
solutions, which correspond to line mass sources in (|2.6|) for the Newtonian picture 



(for a clear and concise description see [53]) - a semi- infinite line mass source actually 
corresponding to an acceleration horizon. 

To see this, input into ( |2.6|) a line source with unit mass per unit length, S(r) = 
5{r)/r for z G [c 3 , c 4 ]: 

1 r<* dz' _ , R 3 -z 3 _ x X 3 

Xs ~~2L [r* + (z - z^ 2 ~ 2 R^~ 2 Xl ( } 

where 

Zi = z-a , R 2 = r 2 + z 2 (2.8) 
Integration of ( |2.5|) then gives 

J/s= l ln (Mi±i2£i±l!) = I ln J5l_ (2 . 9) 
2 2R3R4 2 2R3R4 

Although this does not appear to be a Schwarzschild black hole, defining M = C4 — C3, 
the simple transformation 

z = (p-M)cos6, r 2 = p(p - 2M) sin 2 (2.10) 

in fact returns the metric to its standard spherical form. 

Now we can consider superposing solutions for A, to build up multi-black hole 
solutions in the way first described by Israel and Khan |55|] . For the simplest case of 
adding a second black hole to (|2.7|) of mass M' = C2 — c\ (with c\ < c 2 < c 3 < C4) 
we have: 

X = -\n^ (2.11) 
2 X2 

1, ^21^34 ^23^41 m-in\ 

• /= 2 l %R 1 R 2 R 3 R i Y l3 Y 2i + -° (2 ' 12) 

where Yij was defined implicitly in ( ]2.9| ). 

The reason for the constant u is that for regularity of the z-axis, we require 
z/(0, z) = 0, as already mentioned. For a single rod potential, the Schwarzschild black 
hole, we can make the axis everywhere nonsingular except for the event horizon, z e 
[03,04]. However, once we add another mass source, due to their mutual attraction, 
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we can no longer have a static spacetime and a nonsingular z-axis. Calculating v on 
the axis gives 



f Vq z > C4 or z < c\ 

y (0^)= hi fa-^-d) + c 2 <z< C3 . ( 2 - 13 ) 

t (c3-ci)(c4-c 2 ) 1 u U Z 3 

Thus if 1/0 = 0, meaning that the z-axis is regular away from the black holes, then 
inbetween the two black holes z/(0, z) < 0, hence we have a conical excess or strut, 
which can be interpreted as supporting the black holes in their static equilibrium. 
Similarly, if we choose vq to have a regular axis inbetween the black holes, we have a 
conical deficit extending from each black hole out to infinity, which can be interpreted 
as a string suspending the black holes in their (unstable) equilibrium. 

2.2 The Rindler and C-metrics 

Now consider a semi-infinite line mass (SILM) which can formally be obtained from 
( [2.71) by letting c 3 , c 4 — > 00 with c 3 /c 4 = c 3 a constant. Then simultaneously rescaling 
the dimensionful coordinates t = £/(2c4-A), f = 2c^Ar, z = Ic^Az, gives the Rindler 
metric: 

1 / N f 2 

ds 2 = AX 3 dt 2 ( dr 2 + dz 2 ) ^dcj) 2 (2.14) 

2AR 3 V > AX 3 

One can put this in a more transparent 'C-metric' form with the coordinate trans- 
formation 

A = Vl - x 2 v / y 2 - 1 A = 1+xy 

T A{x + y) 2 ' Z A(x + y) 2 1 ' 1 

where A = l/(2c 3 ) is the acceleration parameter for the Rindler metric, and which 
gives 



ds 2 1 



(x + y) 2 
To get flat space use 



(y 2 - ^- 2 dt 2 - - - (i - x 2 w 



(2.16) 



Vy 2 - 1 Vl -x 2 

i = — r smh At Y = — cos ( 

A(x + y) A(x + y) 



a; 



2 



X = rCoshAt Z = -sin0 (2.17) 

A(x + y) A(x + y) v ' 

Thus we see how flat space can be written in a variety of forms, the 'C-metric' form 
( [2.16|) being the most obvious way of tailoring a coordinate system to an accelerating 



observer. On the other hand the canonical Weyl form ( |2.14| ) allows us to make con- 
tact with Newtonian potential theory and building up spacetimes with acceleration 



horizons and black holes - the simplest of course being the C-metric [lb| which we 
turn to next. 
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As with the Rindler metric, if we take C4 — > 00, and rescale i, r, 2 as before, then 
we get the C-metric in Weyl coordinates: 

(is 2 = — i^dt 2 ( dr 2 + dz 2 ) ^A^dS 2 2.18 

AX 2 4AR 1 R 2 R 3 Y 13 V J AX,X 3 Y 



The C-metric has the canonical form (see also more recently p6[ ), 

rfs 2 = A- 2 (a; + y)- 2 [F(y)dt 2 - F-\y)dy 2 - G(x)d<f) 2 - G-\x)dx% (2.19) 
where 

G{x) = 1 - x 2 - 2mAx 3 , F(y) = -1 + y 2 - 2mAy 3 (2.20) 

Here, m represents the mass of the black holes, and A their acceleration. In the 
flat space limit, A~ l represents half the distance of closest approach. Let us write 
x\ < X2 < £3 for the roots of G. Then, in order to obtain the correct signature, we 
must have x 2 < x < £3 and — x 2 < y < —x\. The coordinates cover only one patch of 
the full spacetime corresponding to the exterior spacetime of one accelerating hole up 
to its acceleration horizon, which is located at y — — x 2 . The coordinate singularity 
at y — —X\ corresponds to the event horizon of the black hole, whereas the black 
hole singularity itself is screened and resides at y — > 00. The conical deficit sits along 
x = x 2 , while x = X3 points towards the other black hole, which means that has 
periodicity 47r/|G / (a;3)|. We will return to the C-metric in the conclusions. 



3. General set-up in arbitrary dimensions and the equivalence 

In more than four dimensions, an axisymmetric solution will in general have a non- 
abelian group of Killing symmetries (the abelian case was formally analyzed in ||29|| ) , 
usually corresponding to SO(n) symmetry for some n. It turns out that this has a 
significant effect on the solubility of the Einstein equations, as the metric now con- 
tains closed Killing surfaces of constant curvature, which give rise to source terms 
in the Einstein equations somewhat analogous to cosmological terms in the four- 
dimensional equations (|2.2| - |2.5|) . This is what we mean by internal curvature. To see 
this explicitly, consider the Weyl metric corresponding to an axisymmetric p-brane 
living in D = p + n + 3 dimensions: 



ds 2 = A 



dt 2 -dyi -B 2 (dr 2 + dz 2 )-C 2 dx 2 nK (3.1 



This represents a Poincare p-brane with (n + 2)-orthogonal directions, and the x- 
space has curvature k — 0, —1, 1. In essence, the p-spatial directions of the brane 
are superfluous, and we are primarily interested in p = 0, but for generality, we will 
maintain the parameter p while deriving the equations of motion and many of the 
solutions. 



S 



In seeking the equivalent of the Weyl canonical form we first calculate the Ricci 
curvature of this metric: 



TDX 



1 
B 2 
1 

B 2 



AA (\7A) 2 VA ■ VC 
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AC 
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+ in- 1 
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(VC) 2 
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Rrz 



P 



B 2 

p + 1 

B 2 



C 2 

Ab 



+ (p + i 



VA ■ VC 

] ^c~ 



(n — 1)k 



C 2 



A A'B' 
A + ~AB ~~ AB 
A" A'B' AB 
~A ~ ~AB + AB 



+ 



n 

B 2 

n 



C C'B' CB 



AlnB 



B 2 



C CB CB 
C" C'B' CB 
~~C ~ ~~CB + CB 



+ 



B 2 

AlnB 



B 2 



(3.2) 
(3.3) 
(3.4) 
(3.5) 



C . ,,A' C'B CB' , ^A'B , ^AB' fn . 

-n (p+1) hn \-n \- (p + 1) \-(p + l)— — (3.6) 

C A CB CB ^ AB ^ AB ' 



where a prime denotes d/dr, and a dot d/dz. It is immediately apparent that the 
appropriate generalisation of the a variable from the four-dimensional case is 



a = A p+1 C n , 



(3.7) 



however, we have some freedom in how we spread a across A and C. To see why 
this might be relevant, consider first writing 



In A = cup 
In B = x ~ 



7 



n — 1 

2n 



In a 



where we have set 

a = ± 



7 = ±. 



2(p+i; 



\ n{n + p+1) 



2(p+l)(n+p+l)' 
In other words, we have rewritten the metric as: 

dt 2 - dyl] - e-T* {a-W^idr 2 + dz 2 ) + a 2 / n dx 2 n ^} 



ds 2 = e 2a<t> 



(3.8) 
(3.9) 



(3.10) 



(3.11) 



By rewriting the metric specifically in this way, the connection to cosmological dila- 
tonic metrics can be made apparent, since upon "dimensional reduction" (ignoring 
the space or time-like nature of the dimensions being reduced over) over t and y 
we obtain a cosmological-type metric in an (n + 2)-dimensional spacetime with a 
Liouville potential if the cosmological constant in D-dimensions does not vanish: 



S D = J d D X [-R D + 2A] oc J d n+2 x -R n+2 + i(V0) 2 + 2Ae"^ 



(3.12) 



Note that 7 in ( |3.10|) relates to the exponential Liouville coupling in ( |3.12|) . Of 
course, strictly speaking to get a metric with a cosmological interpretation we have 
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to double-analytically continue t — > %x and r — ► ir, however the overall symmetries of 
the equations of motion remain essentially the same, simply swapping operators from 
Laplacian to Dalembertian. Such metrics arise in many string-inspired cosmological 
models (see for example pTfl , [j38|), |39| . 

Using (|3~8"|-|3.9|), the equations of motion take the form 



a A0 + V0 



Aa 
Va 

a 



-2AaB 2 + n(n — l)naG 
2KB 2 



A x + ±(V0) 2 



(D-2) 

AB 2 [n - 1)kG 



n 



dla 



+ \(d ± <P) 2 -2d ±X - 



d±a 



a a 
where as before 2d± = d/d(r ± iz), and 



B' 



e 2x a -(n-l)/n e -70 



G = B 2 /C 2 



e 2x a -(n+l)/n 



(3.13) 
(3.14) 

(3.15) 
(3.16) 



(3.17) 
(3.18) 



The operator expressions appearing on the left hand side of (|3.13| - |3~T6|) are indepen- 



dent of dimension unlike the expressions, (3.2-3~4j). Therefore upon switching-off the 
curvature scales k and A we immediately obtain the equivalent of the Weyl canonical 
form in arbitrary dimensions. Note also that if A = 0, then Q3.14| ) states that aV0 
is divergence free in the (r, z) plane. 

The writing of the field equations in a canonical form is not unique, we could 
instead choose to write 

a^+^^^-^lna (3.19) 



hi A 
In B 



X - 



D-2 
D-3 



2(D - 2 



In a 
In a 



(3.20) 



for a .D-dimensional spacetime. The metric then takes quite a different form from 
(PTTTf) and reads, 



ds 2 



{e 2 ^ [dt 2 - dyf\ - e~^dxl tK } - a~^e 2 *(dr 2 + dz 2 ) (3.21 



a D ~ 2 



Then the equations of motion are: 



Aa 



/ - - Va 

a A0 + V0 

a 



Ax + i(V# 



-2kaB 2 + fi(n - l)naG 
(D-2) 

AB 2 n{n-l)nG 



D-2 



2(D-2) 



-- +~{d±(j)) -2d±x- 



a 



a 



(3.22) 
(3.23) 

(3.24) 

(3.25) 
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It is important now to emphasize that although ( 3.11 ) and ( 3.21j) are different, the 
constraint equations (|3.16|) and ( |3.25|) are unchanged, as is the form of the a equation. 
Furthermore the expressions for B 2 and G are now 



B 



e 2x a ,-(S-3)/(D-2) 



G = B 2 /C 2 = e 2 *e^a 



2x p 70^-(S-l)/(B-2) 



(3.26) 
(3.27) 



With the new definition of the variables ( |3.19 -3.2(J) there is therefore a natural 
parallel, or duality, between the k = 0, A ^ system and the A = 0, k ^ barred 
system. Indeed by performing the mapping, 



X <-> X, 



and formally identifying, 



n 



-£> + 2, 



2A 



(£>-!)(£> -2) 



(3.28) 



the expressions for B 2 and G are exchanged from (|3.17| )- (|3.18|) to ( |3.26|) -( |3~27D and 
vice- versa. Therefore the field equations ( |3.13| - j3~7L6| ) and ( p.22| - |3.25| ) are exactly equiv- 
alent. In practical terms this means that once we have a set of solutions (in arbitrary 
dimension D) for the k = 0, A ^ 0-Weyl system we can, using (|3.28| ), obtain the set 
of solutions for the A = 0, k ^ <fi- Weyl system and vice-versa. The duality relates 
vacuum Z)-dimensional solutions with an internal curvature source k, to constant 
curvature A spacetimes of dimension D. Of course this is not a relation between 
physical spacetimes, since for n > 2, D < 0. However, many of the equations that 
follow, and their corresponding solutions, are written formally in terms of n and D 
and so can be dualized. The same of course holds for the n + 2-dimensional scalar 
field counterparts of these Weyl spacetimes. The duality in that case relates free 
scalar field solutions with internal curvature k to scalar field solutions with a Liou- 
ville potential. We shall be making use of this in section |6| (for an explicit example 
see section 



4. Vacuum spacetimes with a flat transverse space 

If k and A both vanish, this is clearly of the Emparan-Reall [P| form, and writing 
= 2A, we see that the equations are identical to the four-dimensional Weyl- vacuum 
equations. Thus any four- dimensional vacuum solution automatically generates a 



higher dimensional solution. While these solutions are implicitly contained in [g£ 
it is useful to consider a few simple examples to understand the appropriate gener- 
alization of the four-dimensional Weyl solutions. 

First of all, note that the metric ( [3.1]) as written is Poincare invariant in the (t, y) 
directions. This means that any solution has the interpretation of a boost symmetric 
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or cosmic p-brane (in the sense of ||27|| ). So let us consider the case of n = 
the space orthogonal to the p-brane is three dimensional. Since n = 1, 

K 



0, and so we can write 



a 



or 



(e 2A4 ) 



(p+l)(p+2) 



[dt 2 - dy 2 p ] - (e 



2Xa 



-2A 4 



X = 



■ 1, where 
naturally 

(4.1) 



2(p+l) 
(P+2) 



e 2i/4 (dr 2 + ^ 2 ) +rWl (4.2) 



A natural four- dimensional potential to consider is that of the Schwarzschild 
black hole, fl2.7|) , which, after unravelling back to a spherical coordinate system via 
O, gives 



V2 



ds 2 



2M\ V(p+ 1 )(p+ 2 ) 



P 



[dt 2 — dy. 



2M S 



2(p+l) 
(P+2) 



(1 - — J [rfp 2 + p(p - 2M)dn 2 n ] 

9 (4-3) 
in agreement with the results (see eqn (3.8)) in [2?|. This method therefore provides 
a separate confirmation that the appropriate Poincare symmetric p-brane solutions 
are of this singular form. 

The existence of a singular solution seems disturbing after our experience of 
four-dimensional gravity, where singularities are mostly cloaked by event horizons. 
However, in higher dimensions with extended solutions, the natural nonsingular black 



branes of Horowitz and Strominger are unfortunately generally unstable pHH , and 
it seems likely that the true stable extended solution simply is this singular one. 
Indeed, the conical deficit of the extended string solution in four dimensions is strictly 
speaking singular, in that the Ricci scalar has a delta-function singularity at the string 
core. This is nonetheless tolerated as field theory is well defined on the remaining 
spacetime - wave operators are self-adjoint and the propagator is well defined. In this 
case, these higher dimensional extended solutions, while containing null singularities, 
also have the property that wave operators are self-adjoint, with Green's functions 
being well defined [40]. It seems likely therefore that despite our qualms, these 
singular solutions should be accepted as legitimate additions to the family of extended 
gravitating solutions and indeed perhaps the only appropriate ones. It is in fact quite 
likely that these are the endpoints of any black string instability. 

We can also construct more complicated black brane metrics, such as two p- 
branes held in equilibrium at a fixed distance apart by (p + l)-brane conical deficits 
by simply inputting the Israel-Khan potentials A4, z/4, from ( j2.Hj , P?l2"D . However, 
perhaps a more interesting physical set-up to consider is that of an accelerating 
p-brane obtained by putting in the C-metric potential: 

/ F(y) \ v / (p+ 1 )(p+2) 



ds 2 



A 2 (x + y) 2 



dt 2 



dyl 
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F(y) 



2(P+1) 
(P+2) 



1 



A 2 (x + y) 2 / 



A 2 (x + y) 2 



dy 2 



+ 



dx 1 



F{y) G(x) 



+ G(x)d4> 2 



(4.4) 



The interesting point to note about this metric is that it is now not only singular at 
the p-brane horizon, but also at the acceleration horizon. In part, this is because of 
geometry - Rindler spacetime is a transformation of flat space, and it is not possible 
to slice flat space in such a way as to have a flat accelerating brane. Another way 
of putting this is to see that using the Rindler potentials (gig) for (gj) gives a 
non-flat metric. In order to have zero Weyl curvature, we must have curvature on 
the p-brane, i.e., an Einstein-de Sitter metric. 

Does this mean that ( |4.4| ) has no physical significance? This is an interesting 
question. In the case of domain walls or global vortices, imposing a Poincare sym- 
metry on the defect leads to a singular metric, whereas allowing a dS worldbrane 
removes this singularity. This is also the case for a pure gravitating "spherically 
symmetric" p-brane Although we are interested here in general axisymmetric 
pure gravity solutions, the fact that formerly regular horizons become singular as 
dimensionality is altered, and also the possibility of removing those singularities by 
altering the intrinsic geometry of the brane is a key point, and one we will return to 
later. It may well be that if we wish a cosmic censor to be operative, we are severely 
restricted as to the types of geometry we can consider. Unfortunately, only the 
existence of the regular inflating branes of |41| are known, not an explicit solution. 

We can also extend the C- metric in arbitrary dimensions for k = A = 0. To do 
this, rather than bringing the C-metric to the Weyl form, we coordinate transform 
([OT]) for D = 4 and A = 0, 



ds 1 



a 



[S'dt 2 - e~*dx 2 } 



2\ -1/2 29 /df 2 dg 2 . 
1 ' >~ a 6 (7^ + ^) 



(4.5) 



in a "canonical form" where we set 




r = F(f), 




G{g) 



with F and G given by (|2.20|) . Then identifying ( |2.19|) and (|4.5|) we get, 



a 



f'g' 



A 2 (f + 9 y 



In 



and the field equations ( |3.22| - |3.25| ) are satisfied with, 

2 X VW 



(4.6) 



(4.7) 



Of course for the moment we have achieved nothing new, this is just the C-metric for 
D = 4 in the variables we defined in the previous section. However in these variables 
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the solution can now be extended to arbitrary dimension D as long as A = and 
k = 0. The solution takes the rather complicated form, 



4 

D-2 



ds 2 



(FGY 



D-4 
4(D-2) 



Af + 9), 



(FG)- 



G 



f[dr 



W + 9)V* 
-dVp] 



'df dgT 
F G 



(4.9) 



This solution is regular only for D = 4. Indeed note then from (|3.13| - |3T6|) that 
we can have a source term k = 1 (and thus a well defined horizon) since n = 1. 
For D > 4 the requirements of planar topology, and the absence of a cosmological 
constant, do not permit the screening of a singularity, analogous to the case of the 
ordinary planar symmetric four- dimensional spacetime E| which is also singular. 



5. Weyl metrics with subspaces of constant curvature 

In the general vacuum case, where A = 0, but k — 1, we would ideally like to 
classify all solutions. Note that this case is closely related to braneworlds with bulk 
scalars via the dimensional reduction discussed earlier. Clearly, there is a large 
class of solutions which are effectively one-dimensional following from earlier work 
in braneworld scalar solutions |38] , as well as a more general (though still essentially 



one-dimensional) analysis in |J{J. These cases can be considered as special within 
the context of a more general analysis which we now present. 

The key is to consider the (f) equation ( ^.14j ) which is now homogeneous. This 
equation states that *ad(fi is a closed form. This in turn suggests that writing 
(f> = <fi(z) should pick up a large class of solutions. Inputting this form for into 
( |3.14|) implies that a is separable: 

a = f(r)g(z), (5.1) 

where 

g(z) = c/0 (5.2) 

and c is an arbitrary nonzero constant for <fi ^ 0, if (j) — we set c = 0, g = 1. 
Therefore under the hypothesis <fi = <f)(z) we can find the general solution to the field 
equations once we solve for /, g and x using fl3.13[ - |3.16| ). We have three classes of 



possible solutions: Class I with /' = 0, Class II with g' = 0, or, Class III where 
neither /' or g' vanish. Let us deal with these in turn. 

5.1 Class I solutions 

Given that /' = 0, Class I solutions are characterised by the fact that they depend 
only on one variable. Equivalently we can note that Class I solutions manifestly 
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have an extra Killing vector, therefore, we can expect solutions of greater than Weyl 
symmetry appearing in this class. For <p ^ ( |5.2|) , after some algebra we obtain a 
static p-brane solution: 



ds 2 = V{£)~ w("-i)(p+D (dt 2 - dy 2 p ) - V{C) TT ^~ TT dr 2 - V ( jj^ + ^dx 2 



z2 

\v(0 



(5.3) 

of axial symmetry with £ the radial coordinate. Here of course we are restricted to 
1. We have defined a spacetime dimension dependent parameter 

2 n2 ( n +P + 1) fr A\ 

(n — ±){p+ 1) 

and /i is an integration constant. The potential V(£) reads, 

M 

e 

where M is not necessarily positive. Note that while class I solutions are asymp- 
totically flat, the solution has curvature singularities at £ = and V(£) = 0. This 
is the most general axisymmetric solution depending on one coordinate only, and 
generalizes the cosmic p-brane solutions of [^7j 2 . 

Analytic continuation between the component independent coordinates can yield 
different solutions. With little effort for example we can obtain a de-Sitter or inflating 
(n — 1)— brane solution, 



= 1 + (5-5) 



H+n + M 

ds 2 = V (»-^ M 



yM(n-i) Md z 2 -V mn-i)(p+i) dy 2 +1 



(5.6) 

where the curvature radius of the spherical sections ( |5.3| ) translates into the de-Sitter 
expansion of the (n — 1)— brane. 

Alternatively, to obtain the class I Thorne vacuum solution simply take z *-> it, 
t iy, 

„ n M_ , n 2 _ jj+w+M I Kd£ 2 o r, \ 

ds^^ M ndT — V M(n - 1){v+1) dy 2 p+1 -V^) M + ^ 2 dx 2 ntK \ (5.7) 

It is now apparent that these solutions are the extensions of the cosmic (p+ 1)— brane 
solutions |57J (see also |4(J for an application of these spacetimes to braneworld 
models). Indeed here the cosmic (p + 1)— brane exhibits 'cosmo logical' rather than 
Poincare symmetry. To recover the flat case P7| one simply equates the metric 
components obtaining 

n(n + p + 1) 

^ " (n-l)(p+l) (5 ' 8) 



2 It is worth noting here that £ = is an event horizon for c ^ only if fi = and p = 0. 
Then the solution reduces to the black string solution given by (5.11) 
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The solutions (|5.7|) are asymptotically flat and singular at the origin just like their 



flat counterparts [27 



Thorne class I solutions are all related via ( |3.12|) to a free scalar field spacetime 
of dimension d = n + 2. The class I solution (for arbitrary c) reads, 

o -Ho /j-c(rc-2)M fi+cM _ „ 

ds 2 = V"— /trft 2 - V (— ^ Kd£ 2 - ^*^T^ 2 d4 iK (5.9) 

with, 

For <f) =const. the class I solution Q5.7D is simply the d-dimensional Schwarzschild 
black hole extended in (p + 1) dimensions 

ds 2 = (k - -M dt 2 - r — - ^ - £ 2 cfe 2 iK - */ 2 +1 (5.11) 



with ADM mass proportional to \x i.e., the Horowitz-Strominger black brane. 
These solutions are the only regular solutions for this class of metrics, however, it 



has been shown that they are unstable |24]] and hence unphysical. 
5.2 Class II solutions 

For Class II solutions, i.e., g' = 0, the field depends linearly on z, but every other 
variable depends only on r. These solutions are therefore minimally two-dimensional. 
The field equations then reduce to a single third order non-linear differential equation 
for /(r) = a/g: 

/ f\nf f") 2f 
Without loss of generality we can set g — 1, and by writing X = f'/f, Y = f" f f", 
this equation can be recast as a two dimensional dynamical system which allows us 
to analyse the general form of the solution: 

, (n — 1) o 1 / 

X' = XY - v - ' X 2 + - (5.13) 



+ i ui)=wr 2 (5-12) 



r = ^lx 2 - 2 -XY-^l (5.14) 
n 2 n 2n 



This has no finite critical points, however, there are four very clear asymptotes, two 
for increasing r and two for decreasing r. The phase plane is plotted in figure [l] for 
n = 2, although the picture is qualitatively the same for all n. 

Note that since a — f, we must have /" = f(XY + ^- + \ ^ for a solution of 
the Einstein equations with k^O. The phase plane therefore splits into two regions 
corresponding to positive and negative /". These are separated by the invariant 
hyperboloid Y = —X/n — 1/2X, shown as the thick line in figure |l| The connected 
region between the two branches of this hyperboloid corresponds to positive k. 
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Figure 1: The Weyl class II phase plane. The thick lines represent the invariant hyper- 
boloid C = XY + 4p + \ = which corresponds to re = 0. The positive re region lies 
inbetween the two branches of C. 



To find these asymptotes, note first that by plotting the isoclines we see that 
F ~ is an asymptotic solution which, solving for X, hence / and a, corresponds 
to the metric 



ds 2 = e 2az 



dt 2 - dy. 



_ e -2(p+l)az/n 



\r\~dttl + 



-r 2 /4 



-{dr 2 + dz 2 ) 



(5.15) 



n(n — l)|r| « 

for large |r|. In other words, this asymptotic solution corresponds to a singular 
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infinity for |r| — ► oo. 

For the other asymptotes, note that for large X and Y, a solution to (|5.13| , |5~X4| ) 
must have Y = X±X, where X± = [(n — 3) ± (n — l)]/(2n). The first of these, 
A + corresponds to a separatrix between solutions which asymptote (|5.15|) and those 
which asymptote Y = A_X = —X/n, which correspond to the metric 



D 2ac(,z 



dt 2 — dy. 



-2(p+l)acoz/n 



R dQz + 



dR 2 



1 + 



+ 1 + 



dz 2 



(5.16) 

for R — > 0, where \i > and Co are integration constants. Although this solution is 
reminiscent of the Euclidean black hole cigar, since \x > and z is not periodically 
identified this solution is singular as R — > 0. 

Now that we have these asymptotic forms, we can see that there are two distinct 
types of class II spacetime solutions, one for k — 1, which asymptotes ( |5.15| ) for 
both large negative and large positive r, and one for k — — 1, which for small finite 
r looks like the Euclidean Schwarzschild style solution ( p,16| ) and asymptotes ( |5.15|) 
for large r. (The trajectory starting from ( |5.15|) and terminating on ( |5.16|) is simply 
this spacetime reversing r.) 

If however, we are dealing with a Thorne rather than a Weyl metric, then the 
sign of the RHS of (|5.12 ) changes, and hence the signs of the constant terms in 



( 5.13 ), (|5. 14 ) change. The main effect of this is that it introduces a pair of critical 
points P± = ±(^/|, ^/f )) P+ an attractor, P_ a repellor, which are focal in nature 
for n < 8. The phase plane is shown in figure for n — 2. The critical point 
solution is obtained by setting f = e r (restoring the constant g in ( |5.12[ )), 



ds' 



2r 2ty/p+l 
g n g nVn+p+l 



' dt 2 - dr 2 
n{n — \)k 



e v dy 2 +1 (5.17) 



The coordinates t and r vary on the whole real line and the metric is singular as 
t — > — oo and as r — > — oo. For the dilaton spacetime we have simply, 



ds 2 



2r 

e n 



dt 2 — dr 2 



n(n 



1)k 



— dx„ 



(5.18) 




(5.19) 

the linear dilaton metric solution. The general form of the Class II Thorne metric is 
given by, 



2U/P+I 



ds 2 = — —f"(r)(dt 2 - dr 2 ) - /(r)e^ 1 ^ - e V(p+™+d(p+d dxl +l (5.20) 



n(n — 1)k 
where / is a solution of ( |5.12[) . 
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Figure 2: The Thorne class II phase plane for n = 2. Once again the thick lines are the 
invariant hyperboloid C = XY + ^- — ^ = 0, with the region inbetween the two branches 
now corresponding to negative k. The critical points have k = 1, and the attractor solution 
P+ therefore corresponds to the generic asymptotic spacetime. 

5.3 Class III solutions 

In the case of class III, where both / and g are nontrivial, the field equations ( |3.13[ - 
|3.16| ) give after some algebra two possible families of equations for / and g: 

f = fof~ 2/n - co/ 2 / = + c g 2 (5.21) 

2 (n + 1 
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r/ 2 j _p2 I 2 

or / = d f g 



n 

2(n - 1) 



+ g a 2 - 2/n -d l 



o9 



(5.22) 



The constants fo and go are both different from zero since otherwise Aa = 0. 
The first family of equations ( |5.21| ) are readily solved (with cq ^ 0) to give 



/ = — sm g = - 

W n y/2co{n + l) 



sinh y/coz 



(5.23) 



or, writing 



gives the metric 



("+!) 
„ 2 



f 2 jy[ 

' " x [1 + cosh ■s/cqz] = — [1 + cosh y/co~z] 



2(n + l) 



ds 2 



1 ^ 



(" + !) 
(p+l)(p+n + l) 



(it 2 — 



(n + l)Q+l) , , 

O+Tl+1) //" 



de 



M 



(5.24) 



(5.25) 



which is in fact a massive boost symmetric p-brane solution The case p = 
corresponds to the Schwarzschild solution in n + 3 dimensions. Notice here, that 
unlike the previous cases, n — 1 is permitted. In the case that Co < 0, one gets a 
hyperbolic black brane solution in the region inside the event horizon. Furthermore 
using ( [3 and by analytic continuation we obtain the "dimensionally reduced" free 
scalar field metric, 



ds 2 



M_ 



l/n 



de 



I _ M 



(5.26) 



(5.27) 



which is singular at £ = and £ n = M. Note that this metric is conformally an 
angular analytic continuation of a Schwarzschild wormhole. The presence of the 
scalar field here however, renders the usual horizon £ n = M singular. 

For c = 0, ( |5.21| ) is easily integrated and we get a different type of solution: 



ds 2 



2 % /n + l 



(z) V(p+i)(p+"+i) (it 2 - dy 2 p 



(n + l)Q + l) 
O+n+1) 



dz 2 + dr 2 + r W 



(5.2* 
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This is reminiscent of a Rindler metric, although if p it is not a flat solution 
and in fact has singularities at z = and z = oo. For p = writing T = zsinht, 
Z = z cosh t we get the Minkowski metric. This shows that this is a flat space 
solution, giving the Rindler metric in n + 3 dimensions tailored to an accelerating 
particle. 

The second family of solutions do not have an interpretation in terms of known 
spacetimes. For simplicity let us examine ( |5.22|) for n = 2, for which g is readily 
integrated. Writing R = \Jgo/d e ±v ^ r/2 , 29 = y/d^z — tt/2, and A = 2y/d^/g , we 
have: 



= G{9) 
with the metric 



1 + An + a/1 + \ 2 n) sin^ + (1 - A c 



1 + A§) cos6> 



1 - A + Jl + XI) sine + (1 + An - Jl + Ajj) cose 



(5.29) 



ds 2 = G 



2a 



dt 2 - dy 2 



Q-a(p+l)\ dR 2 



+ R 2 



d9 2 + 



'l + \ 2 n sin 2 9 



1 + An 2 



(5.30) 



dQ 2 n 



Ao — >• is clearly the flat space limit. For nonzero An however, we have an angular 
distortion of the spacetime, with singularities at sin 2 9 



^—r^=-, one of which, with 
G = is a null singularity, and the other an asymptotic singularity with G — ► oo. 



6. Weyl metrics in a constant curvature spacetime 

Let us now consider the case where both subspaces are of planar topology (k = 0) 
and, in contrast, switch on a cosmological constant A. Using the dual field equations 
( P-22| - pT25D we can obtain as before three classes of solutions. As before, if we write 
<p = 4>(z), then for k = the general solution can be found in the form a = f(r)g(z), 
with g defined by ( |5.2|) . As before for class I we have /' = 0, for class II g' = 0, 
and for class III f'y^O and g' ^ 0. In the subsections that follow we use extensively 
the duality relation ( |3.28 ) to map the k ^ solutions to the cosmological constant 



solutions, A ^ 0. Here, unlike the case (k ^ 0) studied in the previous section, we can 
set D = 4 finding the four- dimensional versions of the solutions with a cosmological 
constant. 

6.1 Class I solutions 

The class I solution for c 7^ reads, 



d,S 2 = £ 2 V>+P+2)M 



-n(n+p + l) „ 0x —\l rj (n+p+1) 

V M( P+ i)(n+ P +2) (dr - dy 2 ) - V~dz - V («+p+2)« dx 2 n 



de 



(6.1) 
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with 



2 n(n + p + l) 



M = * + ( ± Z^7 liv (6 - 2) 

(n + p + 2)(p + 1) 



The potential is now given by, 

M 



v(0 = i + 



D-l 



and we have set — 2A = (D — 1)(D — 2)k 2 . Solution (|6.1|) asymptotically approaches 
adS spacetime and is singular for V = 0, and at £ = 0. The Thorne spacetimes are 
obtained with z <-> ir, t <->■ iy where for A < (adS) the coordinate £ is timelike 
(and hence t spacelike) inbetween the critical points £ = and £ = — (M)"^ 1 . The 
coordinate is spacelike on the exterior of the interval 3 . 

Starting from the Class I Thorne metric one can make the connection with the 
dilaton system in d = n + 2 dimensions with potential V = 2Ae 79i using (|3.12 ). The 
solution corresponds to the Class I solutions found in |Kj . 



Starting from a Thorne metric and for c = we obtain, 



ds 2 = ~(k 2 e - j^)dt 2 + * , + edxl_ 2 (6.3) 

the planar topological black hole with cosmo logical constant. Note then that this 
solution is dual to the black brane solution ( [5.11 ). The corresponding Weyl metric 



gives naturally the Euclidean version of ( |6.3|) . The dilatonic black hole solution is 
then rather nicely seen to map to the black hole solution ( |6.3| ) via (|3.12|) , (see ref. 

»• 

6.2 Class II solutions 

To obtain the Class II solutions we again make use of the duality relation ( |3.28| ). 
In order to spell out the relation let us consider to start with the simple case where 
/ = e r is solution to ( p-12j ) treated in section 5. We saw that in this case we can 



obtain the Class II vacuum solution (|5.17f) with components, 



nil, 

« = e r , 4> = -\l-t, e 2 *= 6 - (6.4) 
V n n[n — 1)k 

All we have to do now is set n = —D + 2, k = ( D _7) 2 (d_2) anc ^ mser t the above 
components in ( |3.21| ). The form of the scalar field in ( |6.4| ) dictates that we will have 
to analytically continue on applying the duality map fl3.28p . We then obtain with 

ease, 

, 9 2r / -2zy/E 2V^+Tz \ dr 2 + dz" 2 

ds l = ( e<"+f+ 1 )^+ T ((ir - dy z p ) - e^ n +p+^dx n j — — (6.5) 
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Figure 3: The Weyl phase plane for class II solutions with a cosmological constant. The 
thick lines are the invariant hyperboloid C = XY — ^ + 5 = which corresponds formally 
to A = 0. The connected region between the two branches of C corresponds to negative 
cosmological constant and hence the saddle critical point has A < 0. 

where note that now we have a Weyl solution in a negatively curved spacetime. 
Using again ( |3.28| ) we have that / must satisfy the ODE, 

r,r ( r _ r \ i_ (6 6) 

f + f[(D-2)f f") 2g* { - ) 
3 The situation is reversed for a De Sitter cosmological constant 
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As in the previous section we can set g — 1, and by writing X = /'//, Y = f"'/f" 
this equation can be recast as a two dimensional dynamical system: 

(D 



X' = XY 



Y' 



D 



D - 2 2 

9 2 D-4 
:A 2 + -XY - 



(6.7) 

(L>-2) 2 " ' D-2^ 2{D-2) ^ 

A representative phase plot is shown in figur e ^| fo r D = 4. Now it is the Weyl 
system which has two critical points P± = ± (J~^^, > however, unlike the 

Thorne vacuum k = 1 spacetime, these critical points are now saddles, and lie in 
the A < connected region of the phase plane. The asymptotic solutions can be 
obtained from (|5. 151,5361) by setting n = — (D — 2). 

Generically the Class II solutions take the form, 

ds 2 = - — — /~ \ e^ n +p+ 1 ) dx 2 n - e("+p+ 1 )v^+ T (-(ir + dy 2 p )j (6.9) 

where / is a solution of fl6.6|) . 
6.3 Class III solutions 

In the case of Class III where /' and g' ^ 0, the field equations ( p.22| - ^2^ ) give 
after some algebra two possible sets of solutions for / and g: 

D-2 



„/2 „ r 2 -"~ 1 e 1 /2 

i> 2 J f2 I 2 

or / = d f 9 



2{D - 3) 

D-2 
2(D - 1) 



+ c £ 



(6.10) 
(6.11) 



with j>(z) = ^j. 

Taking the dual of solution (|5.25|) , the first family of solutions (|5.21|) are easily 
obtained after a bit of algebra for c ^ 0, 



1 (-I i / n(p+n) v 
n+p+1 (p+1) J 



- cv 

with the potential V given by 



sin kr) 2 

n 1 f1 , / (P+l)(P+") \ 

2 T ^ n+p+1 U V » 'dxl-dr 2 



(dt 2 — dy, 



(6.12) 



V(0 = i 



M 



VP£ 2 



(6.13) 



£ n+p+1 

This solution is singular for £ = and V = 0. For p = however this solution is 
regular for V = 0, and reads 

d£ 2 



ds^ = (cosh(^)) z 



£ z Vdr - 



i 2 dx 2 



Vk\ 2 



dz 2 



(6.14) 
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where z is now the proper distance coordinate. V — is now an horizon, and 
this metric describes an (n + 1)— dimensional planar adS black hole embedded in an 
(n + 2)— dimensional adS spacetime. As £ — > (or M = 0) we get an adS spacetime 
where the n— dimensional slicings are also of adS geometry with the same curvature 



k. This solution interestingly is dual to the usual Schwarszchild black hole ( |5.25| ) 
The black hole singularity at £ = is screened by what is now a horizon, V — 



of planar topology. Furthermore unlike the case studied in |TT[ the solution is well 
defined in the adS horizon since, 

M 2 (sech(A^)) 4 



(Riemann) ~ k (1 + v- 



) 



(6.15) 



where v is some numerical coefficient depending on the spacetime dimension. 
For cq = we obtain, 



ds 2 



1 



n(p+n)\ 
(p+l) 



{di 2 - dy 2 ) - z n +v +l(1 



(p+l)(p+n) 



dx„ - 



(dr 2 + dz 2 



6) 



which for p = ( |6.16f) reduces to adS spacetime. This solution is quite naturally 
seen to be dual to the Rindler solution (|5.28|) . 

The second family of solutions is given implicitly by, 



ds 2 



2 

I D-2 



(e 2a *(dt 2 - dy 2 p ) - e-^dxl 
I 



go 



(D - 2) 2 k 2 



df_ 



+ 



dff* 



where the component is given by, 



D-2 
2(D-1) 



dg 



+ 9o9 D ~ 2 -d g 2 



2^1) + dog 2 ^ 2 -d Q g 2 



(6.17) 



(6.18) 



7. Linearization, the C-metric and braneworld black holes 

In this section, we would like to remark upon two open, related, questions: where is 
the C-metric, and what can we say about black holes on branes? Before embarking 
upon this however, we would like to note that if a far-field description of a physical 
system is all that is required, then there is an extremely straightforward linearization 
prescription for the case where one of A or k vanishes. We will discuss A = for 
definiteness. 

Start by observing that the flat space solution to ( |3.13| - |3TT6| ) is 



a 



3 2X 



a = 


^2xo 



(7.1) 



„n-l 
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We now expand the metric functions in the usual way: a = a + ea,\ + . . .. Since 
0o = 0, we see that the equations of motion actually decouple at first order: 



Aa = n(n - l)a~ 1/n e 2x 

= 2<9±x 

a a 

and 

Vet 

A0 + V0 = (7.3) 

a 

The first set of equations can actually be solved to all orders by a (Euclidean) black 
hole solution: 

a = R{r) n , e 2x = R n ' 1 -C (7.4) 

where R(r) is defined implicitly by r = / ne~ 2x da. Usually, the Euclidean black 
hole solution is characterised by the periodic identification of the angular variable, in 
this case z. However, this periodicity is imposed to make the solution regular at the 
analytically continued event horizon, R n = C. In our case, we only require a far-field 
solution, therefore we do not need to impose any periodicity on the z-coordinate, 
and simply note that it is possible for a and \ to receive first order corrections of 
this form, independent of the value of <fi. 

The 0-field is independently given to first order by the solution of the Laplace 
equation f [7.3[) 

(7.5) 

where S(r') is a source term which can be thought of as the matter source, and is 
exactly the higher dimensional equivalent of ( |2.6p . 

As an example, consider the five-dimensional axisymmetric metric with p = 
and n = 2. Then for a line source lying between z\ and z%, we have the corresponding 
linear <p potential: 

(7.6) 



I Z — Z2 i Z — Z\ 

tan tan 



Not surprisingly this agrees to leading order with the black hole solution, but any 
mass source ought to have its leading monopole order agreeing with the black hole. 

In this case, to get the next order correction it is necessary to return to a full 
system of PDE's, however, for some systems of physical interest, the linear order 
term will be sufficient. 

7.1 The C-metric 

One of the original motivations of undertaking this study of static axisymmetric 
metrics in higher dimensions was to try to generalise the C-metric to greater than 
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four dimensions. It would appear that this attempt has not been successful. Let us 
first recap what the C-metric physically represents. 

In four dimensions, the C-metric Jl6j represents two black holes (in general 



charged) uniformly accelerating away from one another. In the usual "relativists" 
coordinates, ( |2.19| ), the metric depends on two variables, x and y, roughly speaking 
splitting into two pieces - an angular part (x, 0), and a 'black hole' part (t,y). As 
described in section |2.2|, the y coordinate, which pairs up with the time coordinate, 



is effectively a radial variable in the spacetime, and runs from the black hole to the 
acceleration horizon; the x coordinate is an angular variable, and runs from the coni- 
cal singularity driving the acceleration to the direction pointing directly towards the 
other black hole. 

A more transparent form of the C-metric is obtained if we set 

t = A~H , r = l/Ay , and 9= dx/VG (7.7) 

Jx 

when 



ds 2 = [1 + Arx{9)\ 



(7- 



This is almost conformally equivalent to the Kottler, or Schwarzschild de-Sitter met- 
ric as might be expected from the acceleration horizon and clearly shows the black 
hole nature of the spacetime, as well as the existence of the acceleration horizon 
(which is the de-Sitter horizon of the Kottler metric). From this form of the solu- 
tion it is clear that we reduce to the Schwarzschild metric as A — > 0, whereas the 
canonical form fl2.19|) shows how we reduce to the Rindler metric as m — > 0. 



The key characteristics of the C-metric we glean from this four-dimensional 
known solution are therefore the following: 

• We expect two horizons, one corresponding to the black hole, and one corre- 
sponding to the acceleration horizon. 

• We expect to have two parameters, representing mass and acceleration, under 
which our solution reduces to the known Rindler, or Schwarzschild, solutions as each 
parameter (or two linearly independent combinations of said parameters) is set to 
zero. 

• We expect to have the higher dimensional equivalent of a conical singularity 
meeting the black hole and event horizons for one limit of the coordinates, which 
gives the physical impetus for the acceleration of the black hole. 

Unfortunately, we did not find any solutions with two horizons, and many of 
the horizons we did discover were in fact singular. As we will discuss presently, we 
believe that singularities may well be a necessary part of the higher dimensional C- 
metric. In addition, a frustrating aspect of the work on the class III solutions was 
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that we found a family of solutions which contained the Rindler and Schwarzschild 
metrics, but only those two metrics. Although we have made various Ansatze which 
attempt to preserve features common to both Rindler and Schwarzschild, all of these 
attempts give only Rindler and Schwarzschild as possible solutions. 

Dealing with the third bullet point we can make more progress however. There is 
of course a ready generalization of the conical singularity to higher dimensions - the 
cosmic p-brane |27j for p — 1. These spacetimes are Poincare boost symmetric like 
the conical singularity, and like the conical singularity propagators are well defined on 
the spacetime ||(J . On the other hand, a striking feature of these spacetimes is that 
they are singular - the conical singularity turns into a null curvature singularity. It 
is difficult to know whether this is a feature that is to be accepted or avoided. If one 
wishes instead a nonsingular boost symmetric source, one is forced to add intrinsic 
curvature to the worldbrane - to have a de Sitter type of induced metric parallel to 
the source [41]. However, if one modifies the geometry parallel to this source, then 



the Rindler limit would also contain such a modification, and the fact that Rindler 
spacetime must be flat restricts us severely in the slicings that we are allowed to take 
(see the discussion after (fOD). 

An obvious first step in finding the C-metric would be to attempt to find the 



generalization of the Aryal-Ford-Vilenkin (AFV) solution This solution in four 
dimensions represents a cosmic string threading a black hole, and therefore a natural 
extension would be to take a black hole in higher dimensions and allow a cosmic 
1-brane to thread it. We have not found this solution within our metrics, (most 
likely it will require a numerical integration) but it would however give a first step 
of intuition as to the likely geometry of the black hole horizon. 

It has been suggested that allowing a singular 1-brane to interact with the black 
hole horizon would render the horizon singular: that the null singularity of the p- 
brane would somehow 'infect' the black hole horizon. One way of exploring this issue 
is to take the limit in which the black hole has an infinitely large mass compared to 
the 1-brane. In other words, the 1-brane intersects a planar Rindler horizon 4 . This 
is readily obtained from the 1-brane metric (|5.25|) by a Rindler transformation: 



t = Z sinh T 



V 



Z cosh T 



(7.9) 



under which the metric becomes: 



ds 2 




Z 2 dT 2 - dZ z 



S Ui 'n+1 i -I M 



(7.10) 



J We would like to thank Roberto Emparan for suggesting this limit. 



28 



Although this is not in Weyl form, it is easy to see that the only singularity remains 
the null 1-brane singularity. The Rindler horizon Z = remains nonsingular. 

Of course this is not a definitive result as to the nonsingularity of the black 
hole event horizon. The Rindler horizon has planar topology just as a very large 
mass black hole looks roughly planar to a thin strong locally piercing it. A finite 
mass black hole horizon would of course have finite intrinsic curvature, and just 
as the Poincare p-brane null singularity becomes an horizon upon adding intrinsic 
curvature, it is possible that here adding instrinsic curvature to the Rindler horizon 
could yet render it a null singularity. 

7.2 Black holes on branes 

Although without the C-metric we cannot give a completely satisfactory resolution to 
the problem of braneworld black holes, we would like to draw attention to a pragmatic 
alternative provided by ( |6.14j ). This solution describes a (D — 1)— dimensional planar 
adS black hole solution embedded in D— dimensional adS space. The adS curvature 
of the (D — 1)— dimensional slicing is the same as the global adS curvature. It is easy 
to generalise this solution to 



ds 2 = (cosh(kz)f 



vde-^-edxi D _, lK 



dz 2 (7.11) 



_de 

where V(£) = k + k 2 £ 2 - ^ , k = 0, ±1. 

To better understand the geometry, let k = M = 0, and consider the coordinate 
transformation 

ku = sech kz , kv = tanh kz (7-12) 
This transforms (5.14) into conformal planar adS coordinates: 



ds' 



k 2 u 2 



dt 2 — dv 2 — du 2 — dxi 



(7.13) 



Thus the adS horizon u — > oo corresponds to £ —>■ 0, and the adS boundary u — > 
to \z\ — > oo (see figure H). Lines of constant z are radial lines in the (u, v) plane, and 
constant £ are semi-circles centered on u = v = 0. An adS braneworld corresponds 



to a line at constant z. As pointed out in [47|, |48| , it is possible for two positive 
tension adS braneworlds to localize gravity, which would correspond to two contant 
z-trajectories, one with z > and the other z < 0. 

Now consider M ^ 0. Then since £ =constant corresponds to a semi-circle 
centered on u = v = 0, the black brane solution ( |6.14|) corresponds to an horizon at 
fixed (u 2 + v 2 ). In other words, the adS conformal plane has now been truncated by 
the horizon at fixed radius, and in particular, the horizon of the black hole extends 
out all the way to the adS boundary. The former adS horizon now corresponds to 
the location of the singularity and is cloaked by the black hole event horizon. Since 
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V 




u 



\ adS brane world 

adS 

boundary 

Figure 4: The braneworld black hole spacetime in conformal coordinates. The horizon is 
at (u 2 +v 2 ) = k~ 2 M~ 2 /( n+l \ and the physical spacetime exterior to the horizon corresponds 
to the interior of the semi-circle. 



the adS plane is truncated before the adS horizon is reached, the physical spacetime 
is well-behaved. Therefore, at the price of introducing an adS braneworld, we can 
have a black hole on the brane which may well be stable, or at least stable for a 
sufficiently wide parameter range to be useful. 

Clearly the properties of such black holes are interesting, particularly the issue 
of the holographic interpretation of such a truncated spacetime, with an horizon on 
the adS boundary, and will be the topic of a future study. 
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8. Conclusions and further questions 



In this paper we have found and studied extensively solutions to the Einstein equa- 
tions in arbitrary dimensions under the assumption of axial symmetry and staticity. 
We analysed the field equations, finding a duality relation which permitted us to map 
between solutions of different dimensionality and geometrical characteristics. The 
duality relation maps vacuum solutions with 'internal' curvature, i.e., where there 
is a nonabelian SO(n) symmetry group of the spacetime, to adS spacetimes with no 
internal curvature by quite simply associating the unique curvature (or length) scale 
of one solution to the other. For example we saw that the usual black brane solution 
with cylindrical horizon was dual to the planar adS black hole. 

Three classes of exact solutions were found in both vacuum and in the presence 
of a bulk cosmological constant. These solutions are related to lower dimensional 
spacetimes with a dilaton. The first class depend on only one variable and represent 
the most general solutions of this type. They represent an axisymmetric general- 
ization of the cosmic p-brane solution of fl27| . The second class of solutions depend 
on both variables, although the dependence on one of these is linear. The solutions 
were not all given explicitly, rather, their existence demonstrated and asymptotic 
properties derived from a dynamical systems analysis of the equations of motion. 
There was however, a single stable critical point exact solution for the Thorne vac- 
uum k = 1 system, and the Weyl cosmological constant system first discovered in 

in the context of braneworld cosmology and later discussed in [^UJ . Finally, the 
most general two-dimensional solution with the simplest form of <fi was found to be 
either the cosmic p-brane/Rindler spacetime or one of a second family of spacetimes 
which have a singular angular dependence in the metric. 

What has also become quite clear within our analysis is that higher dimen- 
sional spacetimes are richer in solutions, which is not surprising, but also that they 
are generically more singular. Furthermore, solutions which seem more physically 
acceptable such as the black brane solutions of Horowitz and Strominger |EJ are un- 
stable to small perturbations and therefore should be considered as unphysical. 
Should one then question cosmic censorship in higher than four dimensions? Or sim- 
ply non-supersymmetric gravity in higher dimensions? Or perhaps Einstein gravity, 
rather than Einstein-Gauss-Bonnet gravity H] (see for example and references 
within in the context of braneworld cosmology) in more than four dimensions? Since 
we have not found an exhaustive classification of solutions we cannot answer this 
question, although it is possible that we are simply looking for solutions with the 
wrong sets of Killing symmetries. By this, we mean that it might be possible for 
null singularities to be replaced by null horizons by a change in the geometry of the 
internal spaces, just as the cosmic p-branes become nonsingular as their worldbranes 
are allowed to inflate [EI . 
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